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Two classrooms experiments were carried out to investigate whether differences in students’ performance and reasoning across types of representational tools can be generalised to students learning in countries, where mathematics is taught differently. Experiment 1 compared students’ performance when working with stacked bar graphs, tables and individual cases. The participants were English (N= 127, mean age= 13.4) and Brazilian students (N= 99, mean age= 13.5) from Year 8. Experiment 2 compared students’ reasoning when working with line graphs, tables or both representations. Students from Years 7 and 9 from English schools (N= 201, mean ages= 11.9 and 13.8) and Brazilian schools (N= 225, mean ages= 12.5 and 14.7) participated of the experiment. In both experiments an effect of the type of representational tool was found; furthermore, in Experiment 2 a different developmental effect was observed in each country. The question of the relative level of difficulty in interpreting these forms of data presentation is discussed as culturally related. 
Background
The term “representational tool” is relatively recent, and the phenomenon it refers to can be explained under the Wartofsky’s (1979) classification of artefacts as primary, secondary and tertiary. An artifact is a general theoretical category including the manufactured objects that exist in the world, and it is applied to both psychological tools (ideal or conceptual) or material forms. Manufactured objects (e.g. words and maps) can be conceived as primary artifacts whereas the actions they afford are the secondary artifacts (e.g. writing or reading a letter or a map). 
Secondary artifacts are central in preserving and transmitting modes of actions in schools, whereas tertiary artifacts mediate changes in modes of actions when people are acting upon primary artifacts. Tertiary artifacts consist of the imagined world that can be transferred beyond the immediate context of their use; that is they re-present the events as found in the world, and can be conceived as mediators linking individual and cultural processes. The previous experience individuals take to their school practice, as well as their memory of past events and perceptions, can be related to the idea of tertiary artifacts. 
Based on Wartofsky’s classification it is possible to conceive the understanding of graphs or tables as involving the three dimensions of artifacts. The students’ rules of actions for interpreting these representations are part of the mathematical school curriculum; therefore, the school context where the mathematics activity takes place mediates the way students will use these artifacts.
The secondary and tertiary dimensions of artefacts are examined here by means of two classroom experiments involving Key Stage 3 students (Year 7, 8 and 9) from British and Brazilian schools. 
Method
To ensure comparability between the problems across countries, translation and back translation method was used. 
Experiment 1 
Aim: 
To compare students’ performance when working with stacked-bar graph, table or pictorial representation of individual cases.
Participants: 
English (N= 127, mean age= 13.4) and Brazilian students (N= 99, mean age= 13.5) from Year 8. 
The problems: 
There were 6 problems presenting a relation between discrete variables. Across problems the variable values were controlled and students were asked to compare the relations between them. Figure 1 shows a problem presented by means of each type of representational tool. 
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Figure 1 – Types of representations used in Experiment 1.  Students were randomly assigned to one of the conditions (A, B or C)

Results: 
Descriptive statistics are presented in Tables 1 and 2. 

	Table 1 

Mean and standard deviation for students’ performance in British schools (N= 127)

	Conditions
	N
	Mean
	Standard Deviation

	Graph
	45
	2.42  
	1.06

	Table
	43
	2.44
	1.36  


	Individual cases
	39
	1.71
	1.23


	Table 2 

Mean and standard deviation for students’ performance in Brazilian schools (N= 99)

	Conditions
	N
	Mean
	Standard Deviation

	Graph
	32
	4.25
	1.61

	Table
	32
	3.22
	1.36


	Individual cases
	35
	3.31
	1.23


A one-way ANOVA was conducted to analyze the effect of the form of representational tools on pupils’ correct answers. There was a significant between-participants effect –cases vs. graphs vs. tables. Among British students, the same problems presented by means of either graphs or tables were significantly easier than when they were presented by means of cases (p<.05); graph and table presentation did not produce a significant difference. Among Brazilian students, the same problems presented by means of graphs were significantly easier than when they were presented by means of tables or cases (p<.05); cases and table presentation did not produce a significant difference.
Discussion:

In the British curriculum for Key Stage 3 the use of graphs and tables to present frequencies can be observed within the data handling content from Year 7 to Year 9 (see the National curricula for teaching mathematics in the UK; Department for Education and Employment, 2001). In Years 8 and 9 students are expected to design, read and compare the cells in contingency tables presenting, for example, the methods of transport and distance to schools. These issues may help explain why students from British schools showed similar performance working either with graphs or tables. 
In the Brazilian curriculum the work with graphs for presenting frequencies is encouraged as from primary school. However, the work with tables is more common when students are taught the concept of proportionality in Year 7 and functions in Year 9 (see the Parâmetros Curriculares Nacionais – PCN, which offer instructional recommendations for fundamental education in Brazil; Secretaria de Educação Fundamental, 1998). In Year 8 the use of tables involves basically copying and completing tasks, whereas the use of graphs involves interpretation and calculation tasks. This may help explain why Brazilian students showed more competence to work with graphs than with tables.  

Experiment 2

Aim: 
To compare students’ reasoning when working with line graphs, tables or both kind of representations.

Participants: 

Students from Years 7 and 9 from English schools (N= 201, mean ages= 11.9 and 13.8) and from Brazilian schools (N= 225, mean ages= 12.5 and 14.7).
The problems:

There were 10 problems, each consisting of a line graph presenting a relation between continuous variables. A range of contents was used (speed, monetary value, degree of drug abstinence, cost and fuel consumption). The order of the problem presentation was counterbalanced by using the Latin Square method. Figure 2 shows a problem presented by means of each type of representational tool. 
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Figure 2 – Types of representations used in Experiment 2. Students were randomly assigned to one of the conditions (A, B or C)

Results:

Table 3 shows the classification of the students’ reasoning.

	Table 3
Classification of students’ reasoning

	Reasoning 
	Students’ actions
	Examples



	Mathematics right, without numbers 
	Correctly analyze the problems, without making explicit references to numerical values.
	“Hypnotherapy programme is harder for people to stay on, because the line is lower”

	Mathematics right, with numbers
	Correctly analyze the problems, making explicit references to numerical values
	“The blue car is going slower, because it is going 20mpmin whereas the red car is going 30mpmin”



	Mathematics wrong, without numbers
	Incorrectly analyze the problems, without making explicit references to numerical values
	 “Argentinean peso is more valuable than Australian dollar, because the line is taller”

	Mathematics wrong, with numbers
	Incorrectly analyze the problems, making explicit references to numerical values
	“Argentinean peso is more valuable, because for 4 pounds you would get 24 pesos, but only 12 dollars”;

	Refers to external matters
	Reference to real life context to which the variable is related


	 “Individual therapy results in more drop-outs, because it would be easier with other people who are the same around you. You would feel more comfortable” 

	No argument


	The graph or table are used as argument; the answer asked is repeated; they say “I do not know” or leave the explanation blank
	“Individual therapy results in more drop-outs, because I looked on the graph”;

“The blue car travelled faster, because it is faster”;




Overall, in both school venues, the majority of the students used mathematical justifications to solve the problems. These justifications accounted for 86.6% in the British schools and for 87.6% in the Brazilian schools. 
A focused comparison of the observed frequencies was carried out to determine whether the proportion of students using mathematical reasoning with or without numbers can be related to the types of representational tools they worked with. The total of mathematical justifications with or without numbers in graphs versus tables and in tables versus both representations was considered in this analysis, and the output was organized by year groups for each country. 

Graphs vs. tables - Among the Brazilian students, there was a significant difference between students from Year 9 (χ² (1) = 4.99, p<.05). Those who worked with graphs were 1.42 times more likely to make mathematical reference to numbers than those who worked with tables. Significant differences were not found among Year 7 students. Among the British students, there was a significant difference between students from Year 7 (χ² (1) = 4.57, p<.05). Those who worked with graphs were 1.42 times more likely to make mathematical reference without numbers than those who worked with tables. Significant differences were not found among Year 9 students.

Tables vs. Both representations - Among the Brazilian students, there was a significant difference between students from Year 9 (χ² (1) = 11.34, p<.002). Those who worked with both representations were 1.75 times more likely to make mathematical reference without numbers than those who worked with table. Significant differences were not found among Year 7 students. Among the British students, there was a significant difference between students from Year 7 (χ² (1) = 12.22, p<.001) and 9 (χ² (1) = 8.60, p<.004). In Year 7 those who worked with both representations were 1.83 times more likely to make mathematical reference without numbers than those presented with tables. In Year 9 these were 1.67 times more likely to make mathematics references without numbers than those presented with tables only. 
Discussion:

In the British curriculum, graphs are more used to present trends and variation, whereas tables are used to present numerical values and this distinction is highlighted throughout the Key stage 3 (see for example Parsons, 2003). In Year 7 this distinction is observed at a greater extent and this may explain why these students’ reasoning without numbers is more associated with graphs. In Year 9, despite the fact that this distinction is maintained, the work with both representations is emphasised. Perhaps this distinction is highlighted when students from Years 7 and 9 are shown both representations together, and therefore, they prefer to reason using graphs than tables. 
In the Brazilian curriculum, graphs and tables are used to teach notions of proportional relations between two magnitudes (see Imenes & Lelis, 1998). In Year 7 it is stressed the role of tables and graphs as pictures used to show how the two magnitudes are related each other, and the emphasis relies on the interpretation of the qualitative relation. This may explain why these students reasoning did not differ working with graphs, tables or both representations. In Year 9, the role of the graph as a picture of a mathematical function is stressed, and the emphasis relies on the quantification of the functional relation. This may explain why those students who worked with graphs were more likely to reason making reference to numbers than those who worked with tables; therefore, when both representations are presented these students interpret the variation, without making references to numbers. 
Conclusions
The aim of this study was to investigate whether differences in students’ performance and reasoning across types of representational tools can be generalised to students’ learning in countries where mathematics is taught differently. In both experiments, two issues can be generalised: 1. individual cases do not help students establish relations between discrete variables; 2. the tasks fostered the students’ mathematical reasoning. The constraints or easiness of graphs and tables for information presentation should be discussed as a developmental process and analysed as culturally related phenomena. More studies to analyse the students’ preference for graphs or tables when both representations are available to them are needed.
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Some students in a Math’s Class bought CD players in a sale. There were two brands. Some students chose CD1 and others chose CD2. They were asked whether they were happy with the CD they bought. Analyzing the data (presented on individual cases, tables or graphs), do you think there is a greater chance of finding students happy with CD1 or with CD2?





THE PROBLEM:





�EMBED PBrush���





B – STAKED BAR GRAPH





C – INDIVIDUAL CASES (CD1-Blue, CD2-Silver)
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�





A – TWO-BY-TWO TABLE





B – TABLE





A – GRAPH





C – BOTH





THE PROBLEM





This picture (graph, table or both) shows the


 distance traveled by two cars over different 


times. 





Which car traveled faster, the blue one or the


 red one?


____________________________________





Explain why you think this.


____________________________________


____________________________________
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