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Abstract. This contribution presents the work carried out by six European research teams within two projects, TELMA
 and ReMath
, addressing issues of technology enhanced learning of mathematics. In the first part, we describe the objectives of TELMA project and the specific methodology developed by the teams based on the notion of didactic functionality of an ICT tool and on the cross-experimentation approach. In the second part, we present the ReMath aiming at defining an integrated theoretical framework (ITF) whose ambition is to partly overcome limitations induced by the fragmented character of research pertaining to technology enhanced learning of mathematics. 

1. Introduction

TELMA and ReMath projects started from the fact that, up to now, the development and use of educational technology has had a limited impact on the reality of school practices in spite of significant efforts exerted on the improvement of mathematics education in many countries. For the partners involved in these projects, this situation is due partly to the fragmented character of the theoretical frameworks developed in order to approach learning and teaching processes. Insufficient attention research tends to pay to contextual issues, both in the design and the use of technology in mathematics classes, in another reason explaining this situation (Artigue & al., 2006b). These considerations led the partners to look for an integrated approach in the field. Section 2 presents the work done between 2003 and 2007 within the TELMA project, and section 3 focuses on the work initiated by the teams in 2007 within the ReMath project. 

2. TELMA approach to the integration of research teams

TELMA is a European Research Team (ERT) established in 2003 within the Kaleidoscope Network of Excellence including six teams
 with a strong tradition in the field of technology enhanced learning of mathematics, also engaged in ReMath project. Its aim is to promote the construction of a shared scientific vision between different teams, to favor the development of common projects and building complementarities and common priorities in the field (TELMA ERT, 2006). 

Since the beginning of their collaborative work, the different teams involved in TELMA were struck by the diversity of the theoretical frames they used. A better mutual understanding of these theoretical frames, of the exact role they played in their respective work on technology enhanced learning in mathematics, the search for connections and complementarities between these, thus emerged as a necessity for developing effective collaboration. As a first step in this direction, it was decided that each team would prepare a synthetic description of the main theoretical frames it used, and would send to the other teams a reduced set of articles it considered especially insightful for understanding the type of research the team developed, the theoretical frames it relied on, and the way these influenced its work both in the areas of design and use of ICT tools. Then the teams decided to focus on three issues – theoretical frameworks, representations and contexts, analyzing and comparing their different perspectives through the study of a collection of selected publications (Artigue & al., 2006b). This comparative study proved useful for improving mutual understanding, but it also appeared that it had evident limits due to the methodology used: the exact role played by theories remains largely implicit in most published papers, and the data one would like to access to in order to understand this role better are rarely provided. To overcome these limitations, TELMA teams decided to complement this analysis by a joint short-term empirical research based on a cross-experimentation approach: each team would experiment, in real class settings, an ICT tool developed by one of the other teams. A notion of didactical functionality was introduced as a means for contrasting the use of an ICT tool for educational and non-educational purposes (ibid.). 
2.1. Didactical functionalities of an ILE

The notion of didactical functionality (Cerulli et al., 2005) was introduced with the aim of providing a common perspective, independent from specific theoretical frameworks, to address the variety of approaches to the use of technology in mathematics education, and to link theoretical reflections with actual uses of technology in given contexts.

“With didactical functionalities we mean those properties (or characteristics) of a given ICT, and/or its (or their) modalities of employment, which may favour or enhance teaching/learning processes according to a specific educational goal. 

The three key elements of the definition of the didactical functionalities of an ICT tool are: 1. a set of features/characteristics of the tool; 2. a specific educational goal; 3. a set of modalities of employing the tool in a teaching/learning process referred to the chosen educational goal.” (ibid., p.1390)
The notion of didactic functionality the notion was then considered as an interesting tool for anchoring the theoretical reflection in the real tasks that one has to solve when designing or analysing effective uses of ICT tools (ibid.), and was used for structuring the methodological tool built for investigating and comparing the role played by theoretical frames in the research work carried out by TELMA teams (Artigue & al., 2005). 
2.2. Cross-experimentation and guidelines

As mentioned above, the cross-experimentation consisted in the simultaneous development of a set of teaching experiments and of a methodological tool for systematic exploration of the role played by theoretical frames in the design and analysis of these teaching experiments. A common set of guidelines expressing questions to be answered by each designing and experimenting team before, during and after the experiments in order to frame the process of cross-team communication, was collaboratively elaborated by the teams (Cerulli & al. 2007). This document was meant to draw a framework of common questions providing a methodological tool for comparing the theoretical basis of the individual studies, their methodologies and outcomes. Thus the questions had to reflect, on the one hand, the shared objectives of the cross-experimentation and its constrains and, on the other hand, the specificities of each research team. In order to allow as much comparability as possible between the research settings, it was also agreed to address common mathematical knowledge domains (fractions and algebra), with 7 – 11 years old students in experiments lasting approximately one month.

2.3. A few results

The comparative analysis of the local experiments designs and implementations shows that the theoretical frameworks underlying the research work influence these in different ways. They have impact first on the analysis of the ICT tools used in the experiment and of the didactical functionalities assigned to it by the experimenting teams following the hierarchy of priority concerns (Sections 2.3.1 and 2.3.2). Once educational goals and modalities of use of the ILE have been globally decided, theoretical frameworks impact the design of the experiment at another level, by determining up to what point the details of the design have to be planned in advance and what is left to be decided on the spot in the design enactment, what respective roles and responsibilities will be given to the teacher and to the students (Section 2.3.3). Theoretical frameworks also impact the design by the influence they have on the vision researchers develop of “distances” and the way they cope with them: “distances” between the representations of mathematical objects and actions on these objects in usual contexts and those provided by the tool (Section 2.3.2), “distances” between the educational cultures that have supported the work of the designers of the tool and those of its users in the cross-experimentation (Artigue & al. 2006a, b). 

2.3.1. Theoretical frames and observed priorities

Contextual and representational issues were central aspects of the study developed within the TELMA project together with issues related to the role of the teacher, the social interaction and so on; consequently these were central issues of the cross-experimentation as well (Cerulli & al., 2007). Nevertheless the research teams did not address such aspects in the same way: rather, the cross-experimentation shows that though addressing the same main issues, different teams had different priorities when designing their experiments. Such priorities, and differences among teams’ approaches, may be determined by cultural backgrounds, theoretical frameworks and ways of approaching and conceiving research in mathematics education. For instance, in the experiment carried out by the DIDIREM team, the main theoretical frameworks were the Theory of Didactic Situations (TDS) (Brousseau 1998) and the Anthropological Theory of Didactics (ATD) (Chevallard 1992). As a result, major attention was paid to (a) a detailed organization of a (potentially) cognitively rich ‘a-didactic milieu’ and (b) a distance between the experimental and the usual institutional contexts, as well as the necessity to keep this distance manageable by the teacher. Consequently, other aspects, even if considered interesting, were less emphasized (e.g., students’ collaborative work, teacher’s role beyond the management of the devolution and institutionalization processes). On the contrary, the ITD team mainly referring to Socio-constructivism and Activity Theory (Cole and Engeström 1993; Engeström 1987; Vygotsky 1978) assigned a high priority to social construction of knowledge and to the role of the teacher. Therefore, their experiment was mainly focused on these issues and minor attention was paid to other aspects (e.g., detailed organization of the milieu), and many choices were not set up by the experimenting team but left to teachers (e.g., specific tasks and orchestration of the work).

2.3.2. Theoretical frames and modalities of use of ICT tools

The analysis of the teaching experiments reveals some difficulties the teams met in using or adapting a given tool to contexts different from those within and for which it was designed. For example, the software Aplusix was designed (by the French team MeTAH) to be a constitutive element of an autonomous milieu for an a-didactic situation. The software allows students to build and transform algebraic expressions; for each step, the system gives an indication of correctness as feedback. Aplusix was designed to support the standard activity of algebraic manipulation (referring to the French mathematics curriculum), based on solving calculation tasks like expand and simplify, factor, solve equation or inequality, etc. and it was not designed for supporting activity based on solving open-ended tasks. Thus, when ITD team tried to design its experiment based on the use of Aplusix, consistently with a socio-constructivist approach, they met a problem of planning open-ended tasks within the ILE. According to this theoretical framework, such tasks favour pupils’ construction of meanings through exploratory activities. In the experiment, this was achieved through a radical change of perspective on the use of Aplusix within the class. In fact, Aplusix was no longer used autonomously by students, rather the teacher orchestrated the whole activity by asking the students to make their strategies explicit, to justify them and to discuss them with their classmates. 

MeTAH and DIDIREM teams in their respective experiments also met difficulties in the design of use of AriLab2 software designed by ITD team (Italy). They all explored the possibility of using the Fraction microworld, taking a socio-constructivist approach. Both French teams, MeTAH and DIDIREM, were inspired by the TDS and ATD theoretical frameworks. Both teams reported the same problem due to the difference between the school context of the experiment and the school context for which this tool was designed. In fact, the Fraction Microworld provides a geometric construction of fractions based on Tales theorem (i.e., the projection principle), which is usually introduced later than fractions themselves in the French curriculum. However, although the teams shared the same theoretical background, they chose different ways to cope with this inconsistency. MeTAH team tried to use the ‘construction of a fraction’ functionality as a “black box” but found this caused problems when pupils needed to make sense of feedback provided by the tool. DIDIREM team preferred to switch to other AriLab2 microworlds because they judged it was not realistic to ask the teacher to change the mathematics organisation of the school year. 

2.3.3. What theoretical frameworks do not say
In the previous paragraph, we cited a few examples of how theoretical frameworks may – implicitly or explicitly – drive the design of a teaching experiment. This is but a part of the story; in fact the cross-experimentation revealed that though a theoretical framework may influence/inspire an experiment at a global level, it may not address/determine many specific relevant aspects for the actual set up of the experiment itself. There seems to be a sort of a gap between what a theoretical framework offers and what is needed to put into practice within a classroom teaching experiment. Such a gap is at the core of the relationship between theoretical reflections and cases of practice, and it remains often implicit. In the case of the TELMA cross-experimentation, the gap was made clear through comparisons among the different teams’ experiments, in particular UNISI and ITD experiments on the one hand, and between MeTAH and DIDIREM ones on the other hand. UNISI and ITD teams referred to compatible theoretical frameworks – respectively the Vygotskian theory (as for the construction of higher psychological functions) and the Activity theory – and centered their experiments on the use of the same ILE, namely Aplusix. Nevertheless, from the ILE analysis they identified different educational aims for their experiments, which resulted in two teaching experiments, both consistent with the respective theoretical frames, but deeply contrasting as far as the role of the teacher, the kind of tasks given to pupils, the validation of pupils’ work, the use and set up of the tool. 
2.3.4. Investigating theoretical frameworks enacted in actual practice

Although this methodology was not intended to provide a tool for comparing theoretical frameworks in general, it turned out that it may contribute to the development of tools for comparing, combining, networking and complementing different theoretical approaches. In fact, during all the phases of the cross-experimentation, thanks to the collective elaboration in itinere of the guidelines, each team’s experiment could be analysed by the external eyes of researchers from other teams, adopting their own theoretical lens, often different from the one of the experimenting team. Such a cross-analysis proved to be promising in getting deeper insights on how different theoretical frameworks can shape the design and implementation of an experiment, but also to understand better the theoretical frameworks themselves. Moreover, in some cases, the analysis of an experiment from a different theoretical perspective contributed to make sense of unexpected events occurring during the implementation of the experiment with which the designer team could hardly cope. A cross-analysis of one local experiment is reported elsewhere (Cerulli & al., 2008).

3. ReMath: Integrative theoretical framework

ReMath project draws on the experience and the results of TELMA and aims at a further development of integrating perspectives in terms of theoretical frameworks, this time closely relating their construction with the development of specific ICT tools and experimentations of these in realistic educational contexts (Artigue & al., 2006). Looking for integrating perspectives raises some fundamental questions: What kind of integration can reasonably be aimed at? Does it make sense to look for a unified perspective, an overarching theory or meta-theory encompassing the different existing frameworks? Or is such a perspective unreasonable, due to the incommensurability of most of the existing theoretical frameworks and it can only make sense to look for structures and languages allowing us better understand the characteristics of the corresponding approaches, organize the communication between these and benefit from their respective affordances? If so, is it possible to elaborate such structures and languages? How can these be made operational? These are the questions ReMath partners are facing and begun to address in the first year of the project (ibid.).

The integrative theoretical frame (ITF) for us is neither a theory, nor a meta-structure integrating the main theoretical frameworks, used by ReMath partners, into a unified whole. It is more a meta-language allowing the communication between these, a better understanding of the specific coherence underlying each theoretical framework, pointing out overlapping or complementary interests, as well as possible conflicts, connecting constructs which, in different frameworks are asked to play similar or close roles or functions. The ITF is planned to make sense and become an efficient tool for a wide community of researchers, designers and teachers. The structure and the language have thus to be understandable by a wide range of potential users, even if we propose to include in it, at a later stage, illustrative prototypical examples to facilitate communication. 

Taking into account the lessons drawn from the analysis of the TELMA work and the complementary sources, we propose to keep for the ITF the three dimensional structure around the notion of didactical functionality, and the language of concerns which seems to be effective. But considering the specific focus of ReMath on representations and contexts, we propose to reorganize the presentation of concerns around these two focuses at each level of the structure. As regards representations, we propose to limit the analysis to external representations and consider these according to two dimensions: (1) representation of objects, and (2) representation of interaction. Similarly, we propose to introduce only two levels for contexts and distinguish between (1) a local or situational context, and (2) a global or institutional and cultural context. 

As has been evidenced by the analysis of TELMA work, the teams involved in ReMath share common views about technology enhanced mathematics learning and the role played by representations and contexts. Thus they are more or less sensitive to the different concerns we can attach to these. What differentiate them is more the intensity in focus they attribute to these different concerns and the specific way they approach these. Therefore, the ITF structure introduces a criterion of intensity in terms of grading from 0 to 5 for the different concerns introduced. It also takes into account the fact that one can be sensitive to a concern without engaging a theoretical approach for expressing this sensitivity. This led us to separate sensitivity to concerns from the enquiry on the role played by theoretical frames in the expression of this sensitivity. 

Thus in the following ITF structure, where the different concerns are voluntarily expressed in a very synthetic way, the first part deals with the global contextual characteristics of the project under study, which can deal with the design of an ICT tool or the extension of a given tool as will be often the case in ReMath development, with the design of use for an ICT tool or a set of tools, or with the analysis of uses of tools. The second part deals with design and is structured around the expression of didactical functionalities with a specific focus on representations and contexts. The third part is concerned with the role played by theoretical frameworks in the effective analysis of uses. As explained above, the structure is built in order to make visible to what concerns researchers are most sensitive and up to what point this sensitivity is supported by theoretical constructs and approaches. It distinguishes between a metaphoric and operational use of theories, this distinction being considered important when thinking of complementarities and connections. The structure can be used for different kinds of projects involving design and/or use of ICT tools as explained above.

The ITF is planned to be used at different stages of the elaboration of the project:

· in relation with the design and development of ICT tools or parts of existing tools: the ITF provides a guideline for questioning the main decisions made in the design phase, highlighting the role of theoretical frameworks in these decisions and identifying the most sensitive concerns of the designers;

· in relation with the development of a conceptual model of scenario, which is considered as representing the “educational activity plan” involving the use of ICT tools produced by ReMath teams. The model of scenario is based on a set of attributes aimed at describing the design of an actual teaching/learning process to be enacted. Even if there is no one-to-one correspondence between ITF concerns and scenario attributes, they are both coherent with the general perspective adopted in ReMath in that they seek to be as free as possible from dependence on local theoretical assumptions. The ITF and the model of scenario can be seen as complementary conceptual tools aimed at bridging the gap between different research contexts and between research and ordinary school contexts, in that they provide a common structure for describing and comparing different approaches and perspectives in the field of mathematics education. 
· in relation with the organization of experiments: the ITF is a methodological tool for the empirical research ReMath partners are carrying out, and conversely, the experimentation is meant to validate the effectiveness of the ITF and possibly to provide elements for refining it (ibid.).

5. Conclusion

This paper presented the work done since 2003 by six European teams engaged in research on technology enhanced learning of mathematics. It focused particularly on their efforts to develop an integrated approach to the research in this field that led to the building of a first version of the integrative theoretical framework. Drawing on the work carried out in TELMA project, it is structured around the notion of didactical functionality to which it adds a contextual sensitivity, and uses the language of concerns considered as a meta-language appropriate to support the communication between theoretical approaches. It is meant to be a methodological tool framing the whole cyclical process of ReMath activity consisting in the three phases: (1) designing and developing specific ICT tools of parts of such tools, (2) building scenarios of use of these tools, and (3) implementing the scenarios in realistic school contexts.

Identifying of shared concerns and discriminating between different levels of sharing them is just a first stage. The next target is to make clear and sharable how we deal with these concerns according to our theoretical perspectives and educational cultures, and how this impacts on the design and the use of ICT tools in mathematics education. 

We believe that the kind of research reported in the paper is of particular importance in the European context where more and more teams are involved in cross-country projects. With this respect, TELMA and ReMath experience brings forth methodological tools for comparing and possibly networking different theoretical frames without loosing the richness of diversity of approaches.
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Appendix

	Integrative Theoretical Framework

	Part 1 : Contextual characteristics of the project under study 

How are the following dimensions of context taken into consideration at a theoretical level in the project? What constructs are used for this purpose ? 

- The situational context of the project 

- The institutional/cultural context of the project 

	Part 2 : Didactical functionalities and design 

For each dimension of didactical functionalities, a list of concerns is given. You are asked to grade them from 0 to 5, this grade reflecting the level of priority given in design (0 not considered, 5 high priority). In a second phase, you are asked to say what are the theoretical frames you use, if any, when taking into account these concerns, and how you use these. Both representations and contexts are considered. 

a) Characteristics of the ICT tool (or of the set of tool if several tools are concerned by the design) 

Are the following concerns given a high priority in your design (grade from 0 to 5: 0 not considered, 5 high priority): 

- concerns about the ways mathematical objects and their interaction are represented? 

- concerns about the ways didactic interactions are represented? 

- concerns about the ways representations can be acted on? 

- concerns about possible interactions, connections with other semiotic systems, including the representations provided by other tools? 

- concerns about the relationships with institutional or cultural systems of representation? 

- concerns about the rigidity/evolutive characteristics of representations? 

For those considered, what are the theoretical frames and constructs, if any, which you refer to: 

- at the level of general principles and metaphors? 

- at an operational level?  

	b) Educational goals 
When thinking about educational goals to be associated to the tool or set of tools, in the design phase, what concerns are given a high priority (grade from 0 to 5): 

- epistemological concerns? 

- semiotic concerns? 

- cognitive concerns? 

- social concerns? 

- cultural and institutional concerns? 

Up to what point are those considered linked to representational characteristics of the tool or set of tools (grade from 0 to 5: 0 no link, 5 strong link) ? 

For those linked, what are the theoretical frames and constructs, if any, used for this linkage: 

- at the level of general principles and metaphors? 

- at an operational level? 

Up to what point contextual concerns shape the vision of educational goals here (grade from 0 to 5: 0 does not shape, 5 strongly shapes): 

- local concerns? 

- global concerns? 

What are the theoretical frames and constructs, if any, used for that: 

- at the level of general principles and metaphors? 

- at an operational level? 


	c) Modalities of use 
When thinking about possible modalities of use in the design of this tool or set of tools, what concerns were given a high priority (grade from 0 to 5): 

- concerns about the mathematical tasks and their temporal organization ? 

- concerns about the functions to be given to the artefact and their possible evolution ? 

- concerns about semiotic issues? 

- concerns about instrumentation processes? 

- concerns about social organization and interactions? 

- institutional and cultural concerns? 

Up to what point are those considered linked to representational characteristics of the tool (grade from 0 to 5) ? 

For those linked, what are the theoretical frames and constructs, if any, used for this linkage 

- at the level of general principles and metaphors? 

- at an operational level? 

Up to what point contextual concerns shape the vision of modalities of use (grade from 0 to 5): 

- local concerns? 

- global concerns? 

What are the theoretical frames and constructs, if any, used for that: 

- at the level of general principles and metaphors? 

- at an operational level? 

	Part 3 : Analysis of use 

Collection of data 
How do concerns about representations and contexts are taken into account in the collection of data as regards the use of tools? 

What are the theoretical frames and constructs, if any, used for this: 

- at the level of general principles and metaphors? 

- at an operational level? 

Analysis of data 

How do concerns about representations and contexts are taken into account in the analysis of data as regards the use of tools? 

What are the theoretical frames and constructs, if any, used for this: 

- at the level of general principles and metaphors? 

- at an operational level? 


� TELMA (Technology Enhanced Learning of Mathematics) project, 2003-2007, �HYPERLINK "http://telma.noe-kaleidoscope.org/"��http://telma.noe-kaleidoscope.org/�


� ReMath (Representing Mathematics with Digital Media) project, 2007-2009, � HYPERLINK "http://remath.cti.gr" ��http://remath.cti.gr�


� The teams, whose acronym is indicated in brackets, belong to the following institutions: Consiglio Nazionale delle Richerche, Istituto Tecnologie Didattiche, Italy (ITD); Università di Siena, Dipartimento di Scienze Matematiche ed Informatiche, Italy (UNISI); University of Paris VII, France (DIDIREM); Grenoble University and CNRS, Leibniz Laboratory, France (MeTAH); University of London, Institute of Education, UK (UNILON); National Kapodistrian University of Athens, Educational Technology Lab, Greece (ETL-NKUA).





