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Disengagement, poor performance, disruptive behaviour, lack of qualified teachers, unrealistic and/or irrelevant curriculum expectations, limited resources ... the challenges of teaching and learning mathematics in the lower secondary school are many and varied, but one of the most insidious is the enormous range in student mathematics achievement that tends to emerge in many countries at this level of schooling.  A recently completed research project
 suggests that a major source of the variation in student achievement in the middle years is that many students fail to make the transition from additive to multiplicative thinking in a way which enables them to meaningfully access the mathematics curriculum typically offered at this level. This paper will provide a brief rationale for the research and use some of the research findings to raise a number of questions for discussion.
The project was prompted by the results of an earlier study which indicated that many students in Years 5 to 9 have difficulty with what might broadly be described as multiplicative thinking. That is, thinking that is characterised by 
(i) a capacity to work flexibly and efficiently with an extended range of numbers (for example, larger whole numbers, decimals, common fractions, and/or per cent); 
(ii) an ability to recognise and solve a range of problems involving multiplication or division including direct and indirect proportion; and 
(iii) the means to communicate this effectively in a variety of ways (for example, words, diagrams, symbolic expressions, and written algorithms). 
For instance, although most students were able to solve multiplication problems involving relatively small whole numbers, approximately 80% tended to rely on additive strategies to solve more complex multiplicative problems involving larger whole numbers, rational numbers, and/or situations not easily modelled in terms of equal groups (Siemon & Virgona, 2001). This suggests that the transition from additive to multiplicative thinking is nowhere near as straightforward as most curriculum documents seem to imply, and that access to multiplicative thinking, as it is described here, represents a real and persistent barrier to many students’ mathematical progress in the middle years of schooling. Indeed, there is evidence to suggest that the significant spread in student mathematics achievement (up to eight years in each Year level) and the ‘dip’ in performance in the first two years of secondary schooling are largely explained by the extent to which students can think and work multiplicatively.

Question 1. PISA (2003-06) results suggest that this spread is not as evident in other countries? If not, why not? If so, is there any similar evidence or experience that points to multiplicative thinking as a major discriminator?
There is a considerable body of research pointing to the difficulties students experience with various aspects of multiplicative thinking (e.g., Hart, 1981; Harel & Confrey, 1994; Lamon, 1996; Mulligan & Mitchelmore, 1997; Anghileri, 1999; Sullivan, Clarke, Cheeseman & Mulligan, 2001; Misailidou & Williams, 2003). However, very little of this is specifically concerned with how the various aspects relate to one another and which aspects might be needed to support new learning both within and between these different domains of multiplicative thinking.
Simon’s (1995) idea of constructing hypothetical learning trajectories (HLTs) as mini-theories of student learning in particular domains was seen to offer a useful way forward in this regard. In Australia, learning trajectories have tended to take the form of learning and assessment frameworks which have been developed and validated in terms of a number of discrete domains such as counting, place-value, and addition in the early years of schooling (Clarke, Sullivan, Cheeseman & Clarke, 2000). These are typically developed on the basis of large-scale interview data and represented in a form that is accessible to teachers. Subsequent work has shown that where teachers are supported to identify and interpret student learning needs in terms of these frameworks, they are more informed about where to start teaching, and better able to scaffold their students’ mathematical learning in the early years of schooling (Clarke, 2001). 
Given these advantages, the Scaffolding Numeracy in the Middle Years (SNMY) research project was designed to identify the key points in the development of multiplicative thinking beyond the early years of schooling. Relatively open-ended, 'rich assessment' tasks were developed and used for this purpose. The tasks valued mathematical content knowledge as well as strategic and contextual knowledge and generally allowed all learners to make a start. They were administered to just under 3200 students in Years 4 to 8 (10 to 14 year olds) in May 2004 and again in November 2005. Rasch analysis was used to relate items of similar difficulty. A detailed content analysis of items led to the identification of eight relatively discrete categories and the subsequent development of a learning and assessment framework for multiplicative thinking (Siemon, Izard, Breed & Virgona, 2006). A summary version of the LAF is included in Appendix 1.
Question 2. What types of formative assessment are used in other countries to identify specific starting points for teaching mathematics? 
Question 3. What are considered to be the ‘big ideas’ in mathematics at this level?
Results from the SNMY project confirmed the significant spread in student mathematics achievement at this level (e.g., see Table 1 below). The numbers in parentheses indicate the approximate age of students at each Year level.
	LAF Level
	Year 4 (10)
	Year 5 (11)
	Year 6 (12)
	Year 7 (13)
	Year 8 (14)

	8 (highest)
	0.3
	1.3
	3.2
	4.8
	6.7

	7
	2.2
	7.0
	17.7
	18.1
	18.0

	6
	3.8
	10.5
	19.4
	17.6
	16.4

	5
	6.0
	7.5
	14.8
	8.5
	17.4

	4
	16.1
	23.7
	23.7
	23.4
	22.6

	3
	20.2
	18.3
	14.0
	12.8
	9.7

	2
	25.1
	18.0
	8.6
	8.0
	5.1

	1 (lowest)
	26.4
	13.7
	3.5
	6.9
	4.1


Table 1. Proportion (%) Research School students at each level of the Learning Assessment Framework for Multiplicative Thinking (LAF) by Year Level in 2004 (N=1511)
Question 4. Given that there was at least one student in every LAF Level in every Year level, what is the best way to address each student’s learning needs in relation to multiplicative thinking?
Question 5. To what extent is some form of ability grouping practiced in lower secondary mathematics teaching? What evidence/experience supports or challenges this approach?
Note that just over 50% of Year 4 students are in the bottom two levels of the LAF, suggesting that they rely heavily on additive strategies to solve simple multiplication problems. By contrast, less than 25% of Year 8 students are in the top two levels suggesting that they are working relatively comfortably with multiplicative thinking across a range of numbers (an outcome that is generally expected by the end of Year 6 in most Australian States and Territories).
Table 2 shows the proportion of Research school students in each level of the LAF by Year level by the end of 2005. When compared with the performance of Reference School students, the shifts in the proportion of students at each level of the LAF suggest that targeted teaching works. In this case, Research School teachers were supported to identify and interpret student learning needs in terms of the LAF using a range of ‘rich’ assessment tasks.  Teachers reported that they were more informed about where to start teaching, and better able to scaffold their students’ mathematical learning.

	LAF Level
	Year 4 (10)
	Year 5 (11)
	Year 6 (12)
	Year 7 (13)
	Year 8 (14)

	8 (highest)
	0.4
	2.5
	6.9
	8.5
	16.8

	7
	4.7
	6.39.9
	19.3
	16.4
	26.1

	6
	6.8
	17.1
	16.9
	18.8
	17.6

	5
	6.0
	11.9
	14.5
	11.3
	10.6

	4
	27.7
	23.8
	20.5
	17.8
	19.1

	3
	20.9
	13.9
	13.6
	15.0
	4.0

	2
	17.9
	12.7
	4.8
	8.9
	5.5

	1 (lowest)
	15.7
	7.7
	3.3
	3.3
	0.5


Table 2. Proportion (%) Research School students at each level of the Learning Assessment Framework for Multiplicative Thinking (LAF) by Year Level in 2005 (N=1448)
Although there are limits to the extent to which cohort comparisons can be made (e.g., Year 5 in 2004 with Year 5 in 2005), the proportion of Year 5 students in Levels 1 and 2 of the LAF was reduced from 31.7% to 20.4%, while the proportion of Year 5 students in the top two levels increased from 8.3% to 12.4%.
Question 6. What ‘works’ in lower secondary mathematics classrooms to enhance multiplicative thinking? What can teachers do? What can schools and/or systems do to reduce the achievement gap? Is there a role for technology?
Question 7. The SNMY project found no evidence of gender differences. Is there evidence of gender differences elsewhere? If so, what might have contributed to this and what strategies are effective in addressing this issue?

It is hoped that the data presented here will stimulate discussion around some of the most pressing challenges in lower secondary mathematics.
APPENDIX 1.

Summary of the Learning Assessment Framework for Multiplicative Thinking (LAF)
	LAF Level
	Level Description

	8
	Can use appropriate representations, language and symbols to solve and justify a wide range of problems involving unfamiliar multiplicative situations including fractions and decimals. Can justify partitioning. Can use and formally describe patterns in terms of general rules. Beginning to work more systematically with complex, open-ended problems

	7
	Able to solve and explain one-step problems involving multiplication and division with whole numbers using informal strategies and/or formal recording. Can solve and explain solutions to problems involving simple patterns, percent and proportion. May not be able to show working and/or explain strategies for situations involving larger numbers or less familiar problems. Locates fractions using efficient partitioning strategies. Beginning to make connections between problems and solution strategies and how to communicate this mathematically

	6
	Can work with the Cartesian Product (for each) idea to systematically list or determine the number of options. Can solve a broader range of multiplication and division problems involving 2 digit numbers, patterns and/or proportion but may not be able to explain or justify solution strategy. Able to rename and compare fractions in the halving family and use partitioning strategies to locate simple fractions. Developing sense of proportion, but unable to explain or justify thinking. Developing a degree of comfort with working mentally with multiplication and division facts

	5
	Systematically solves simple proportion and array problems suggesting multiplicative thinking. May use additive thinking to solve simple proportion problems involving fractions. Able to solve simple, 2-step problems using a recognised rule/relationship but finds this difficult for larger numbers. Able to order numbers involving tens, ones, tenths and hundredths in supportive context. Able to determine all options in Cartesian product situations involving relatively small numbers, but tends to do this additively. Beginning to work with decimal numbers and percent but unable to apply efficiently to solve problems. Some evidence that multiplicative thinking being used to support partitioning. Beginning to approach a broader range of multiplicative situations more systematically

	4
	Solves more familiar multiplication and division problems involving two-digit numbers. Tend to rely on additive thinking, drawings and/or informal strategies to tackle problems involving larger numbers and/or decimals and less familiar situations. Tends not to explain their thinking or indicate working. Able to partition given number or quantity into equal parts and describe part formally. Beginning to work with simple proportion, eg, can make a start, represent problem, but unable to complete successfully or justify their thinking.

	3
	Demonstrates intuitive sense of proportion. Works with ‘useful’ numbers such as 2 and 5, and strategies such as doubling and halving. May list all options in a simple Cartesian product, but cannot explain or justify solutions. Uses abbreviated methods for counting groups, eg, doubling and doubling again to find 4 groups of, or repeated halving to compare simple fractions. Beginning to work with larger whole numbers and patterns but tends to rely on count all methods or additive thinking to solve problems

	2
	Trusts the count for groups of 2 and 5, that is, can use these numbers as units for counting, counts large collections efficiently, systematically keeps track of count (for instance, may order groups in arrays or as a list) but needs to ‘see’ all groups. Can share collections into equal groups. Recognises small numbers as composite units (eg, can count equal groups, skip count by twos, threes and fives). Recognises multiplication is relevant but tends not to be able to follow this through to solution. Can list some of the options in simple Cartesian Product situations. Some evidence of MT as equal groups/shares seen as entities that can be counted systematically

	1
	Can solve simple multiplication and division problems involving relatively small whole numbers, but tends to rely on drawing, models and count-all strategies. May use skip counting (repeated addition) for groups less than 5. Can make simple observations from data given in a task and extend a simple pattern number pattern. Multiplicative thinking (MT) not really apparent as no indication that groups are perceived as composite units, dealt with systematically, or that the number of groups can be manipulated to support a more efficient calculation
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� Scaffolding Numeracy in the Middle Years – An investigation of a new assessment-guided approach to teaching mathematics using authentic assessment tasks 2003-2006, conducted by RMIT University in collaboration with the Victorian Department of Education & Training, and the Tasmanian Department of Education with funding from the Australian Research Council
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