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Abstract. 
In this short note, we demonstrate how evolving technological tools can allow us to 
enhance our learning horizon (wherever learners’ levels are) in mathematics. We will use 
examples to show Dynamic Geometry (DG) and its animation and numerical 
approximations can make mathematics accessible to more learners. In the meantime, 
problems can be made challenging when learners attempt to generalize the result by using 
a Computer Algebra System (CAS). Finally, we show some results valid in two 
dimensions can be extended to three dimensional ones too. 
 
1. Mathematics contents can be made accessible and challenging 
The parametric graph of a curve is an important concept when learners 
expand their knowledge of the graph of a function. The example below is to 
ask when a circle is drawn, what could we get out of the parametric 
equations. 
 
Example 1. A circle is drawn (arbitrarily) using a Dynamic Geometry 
System, which we use ClassPad (see [1]) for demonstration. Then pick a 
point P=(x(t),y(t)) on the circle, where t is ranging from 0 to π2 . What are 
the graphs of (t, x(t)) and (t, y(t)) respectively. 
 
We start with the following circle, which has center C= [-1.35,-0.225] and 
radius r=1.179248. 

 



                      Figure 1. 
We pick a point P=(x,y) and let it animate once on the circle and obtained 
the following screen shots: 

   
 

   
Figures 2-7. 

In the mean time, we collect the (t,x(t)) and (t,y(t)) respectively and we show 
the partial list as follows: 

. 
Figure 8. 



Finally, we drag the columns ‘Direction’ (which is the angle t) and x back to 
the Figure 1, we see the following curve in addition to the circle. Can you 
name that curve? 

 
Figure 9. 

Similarly, we drag the columns ‘Direction’ (which is the angle t) and y back 
to the Figure 1, we see the following curve in addition to the circle. Can you 
name that curve? 

 
Figure 10. 

Readers can link to a video clip which demonstrates the processes above 
(see [2]). The above exercise is to motivate students to explore the 
parametric equation of the form [x(t),y(t)]=[a+r*cos(t),b+r*sin(t)], where 
(a,b) is the center of the circle of radius r. Experienced learners know the 
above parametric equation represent a circle. However, when we pose the 
question reversely, the problem becomes more interesting. 
 
2. Integrating Dynamic Geometry with CAS 
W may use the numerical capability of DG to approximate a solution. This 
makes mathematics accessible to more students before one gets into 
introducing the theory behind a concept. So this type of probem can be 
introduced to learners with minimum knowledge. In the mean time, the 
problem can be re-introduced again and becomes challenging when we use a 
CAS to verify if our conjecture is true. This spiral way of learning process 



makes students understand the connection between the old knowledge they 
learned from the past and make a good argument why new knowlege needs 

 be introduced.  to
 
Example 2. We are given a line L of the form bmxy +=  and a curve S (see 
Figure 11 below), find the reflection of the curve S respective to the line L. 

 
Figure 11. 

Assume the general case for finding the inverse of  )](),([ tytx   wi t 
to  .bmxy +=  We first set m1tan−=θ

th respec
. We call th    

  
It can be proved that  

e reflection of )](),([ tytx
with respect to  mxy = b+   to be  [ p )].(),( tqt

pt

qt


cos2 sin2

sin2 − cos2

xt

yt − b


0

b
.

 
 

 Example 3.  Find the reflection of with respect to ⎥
⎦

⎤
⎢
⎣

⎡
−
−

)2sin(sin2
)2cos(cos2

tt
tt

 

y  2x  1.   

We set    and we obtain  2tan 1−=θ ⎥
⎦

⎤
⎢
⎣

⎡
)(
)(

tq
tp

  to be 

., 



We plot  (thick) together with    (thin) below: ⎥
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Figure 12. 

 
 Example 4. (Hypocyloid) Find the reflection of  
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Figure 13. 
 
3. Going from 2D to 3D 
The example below shows how we can link the idea of Lagrange Multipliers, 
its geometric interpretation with linear indecency of Linear Algebra together 
with the help of Dynamic Geometry Software packages. 
 
Example 5. We are given three curves in the plane, see  and 
below. We need to find points

1C , 2C 3C  
A , B , and  on 

respectively so that the distance 
C 2,1 CC  and 3C  

 ACAB +   achi ves its mie nimum.  

 
Figure 14. 

we may use a DG software to make conjectures of when the 
inimum distance should occur, but with some knowledge of Linear 

 

 
We note that 
m
Algebra and Multi-variable Calculus, it is not hard to make the following
observations: 



• AB should be parallel to the normal vector of the curve C2 at B. 
• AC should be parallel to the normal vector of the curve C3 at C. 

We shoul  place th  A, B and C (on C1, C2 and C3 
respe the normal vector of C

• d e points
ctively) so that 1 at A=linear 

combination of AB and AC. 
• The above observation is precisely what we expect from applying 

technique of Lagrange Multipliers.  
 
We extend the concept to 3D where we can use a 3D DG such as Cabri 3D 
to explore.  
 
Example 6. We are given four surfaces in the space, represented by the 
orange surface, called ; yellow surface, called ; blue surface called 

and the purple surface, called respectively. We want to find points  
  and    on   res ectively so that the 

achieves its minimum. 
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Figure 15. 
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It is natural to have the following observations: 

• AB should be parallel to the normal vector of the surface S2 at B. 
• AC should be parallel to the normal vector of the surface S3 at C. 
• AD should be parallel to the normal vector of the surface S4 at D. 
• We should place the points A, B, C and D (on S1, S2, S3 and S

respectively) so that  
 

The normal vector of S1 at A=linear combination of AB, AC and AD. 



Certainly the above concept can be extended to any finite dimensions 
 
4. Conclusion 
Technology definitely can not solves all our problem

too. 

s. Implementing 
chnological tools into teaching and learning is a not trivial task and it will 

ssion issue many years to come. One of the issues that 
re 

ficency in algebraic manipulation 
kills. It may be possible to build a curriculum around mathematical 

en teachers introduces DG so mathematics is more accessible to 

s are chosen properly, same problems they encountered 
 re-solved again using their added knowledge when 

 is used to prove 
sults analytically, mathematics is challenging too. 
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